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Abstract. A theory of periodic ferroelectric multilayers is presented. The multilayer system
consists of two alternating ferroelectrics with different transition temperatures. The systemis
described by a Ginzburg-Landau functional withspace-dependent coefficients. In particular,
we consider the case of a ferroelectric phase transition of first order. Expressions for static
properties such as transition temperature, supercooling temperature and polarisation profile
are derived. Immediately below the transition temperature there are unpolarised domains
within the stronger ferroelectric layers. Their existence is due to the possible phase coexist-
ence of the ordered and disordered phases in the corresponding bulk material. In order to
describe the soft-mode dynamics we use phenomenological equations of motion and study
the spectrum of transverse optical modes. The lowest bands are almost dispersion-free and
the corresponding modes are confined to those layers which have the lower bulk soft-mode
frequency. Because the bulk soft modes of the two layers soften at different temperatures
the localisation of the modes in one or the other layer depends upon the temperature. This
temperature dependence of the mode form can be seen in the lineshape of the polarisation
correlation function if the soft-mode damping of the two layers is different. Furthermore,
interface modes are shown to exist. Their energy lies below the continuum, confined by
the two bulk soft-mode frequencies. These modes result from the special form of the
inhomogeneous polarisation profile in a superlattice in contrast to the Fuchs-Kliever inter-
face modes, which have their origin in the long-range dipolar interaction. The number of
these bound states depends on the temperature.

1. Introduction

Nowadays the fabrication of artificial heterostructures down to atomic dimensions is
possible. A great number of different types of layer structures, which differ by the nature
of their constituents, has been realised. Much interest has been focused on combinations
of semiconducting, metallic, magnetic and superconducting materials. In this article we
will study ferroelectric heterostructures. Experiments on these structures are still in
their infancy. We are aware only of superlattices made of the ferroelectric IV-VI
compounds GeTe, SnTe and PbTe [1-3]. However, mainly the electronic properties of
these semiconducting materials were studied.

Ferroelectric multilayers are of interest because possible device applications are
conceivable in the classical fields of ferroelectric applications such as pyroelectric detec-
tion, memory systems or electro-optic modulators. Butthere is also fundamental interest
in the study of these artificial structures, because their properties can differ drastically
from the bulk ones.
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We present a continuum theory of the statics and dynamics of ferroelectric super-
lattices starting from an inhomogeneous Ginzburg-Landau (GL) energy functional. The
advantage of the GL theory is that a variety of physical properties are described without
referring in detail to all the degrees of freedom of the system. The mathematical
simplicity results from Landau’s order-parameter concept. The order parameter of the
ferroelectric is the polarisation density. The GL theory is not specific to particular
materials and can be applied equally well to other multilayer structures undergoing a
phase transition, e.g. ferromagnets.

We will study heterostructures undergoing a phase transition of first order, while
transitions of second order have been treated in [4]. We address the following questions:
(i) what are the phase transition and the supercooling temperatures of the structure and
(ii) what is the polarisation profile? We also incorporate interface effects, which may
arise due to structural and electronic mismatch at the interfaces. We will characterise
these effects by a phenomenological interface-energy term in the GL functional.

A major part of this work is devoted to the soft optical lattice modes in these
structures, which are closely connected via the Lyddane-Sachs-Teller relation to the
statics of the ferroelectric phase transition. The dynamic part of our theory is based on
a phenomenological equation of motion, which was introduced by Ginzburg [5]. In the
study of the dynamic properties the following questions are of special interest: (i) what
is the detailed ‘miniband’ structure of the superlattice soft-mode spectrum and are the
corresponding modes localised or extended, and (ii) how does the long-range dipolar
interaction influence the spectrum?

We are also interested in the lineshape of the dynamic correlation function, which
may be probed in Raman or neutron scattering experiments.

The outline of this paper is as follows. In section 2, we describe the model and the
GLenergy functional. Insection 3, the polarisation profile and the transition temperature
will be-derived from the GL equation. In section 4, we consider the dynamics of the
system, and in section 5, we analyse the dynamic correlation functions. In section 6, the
results are summarised.

2. The model

We consider a composite material made of two periodically arranged ferroelectriclayers,
as shown in figure 1. The interfaces between the layers define the yz planes. The widths
of the layers are D, and D, and hence the period of the heterostructureis D = D + D,.
The study of the static and dynamic properties of this composite material will be based
on the Ginzburg-Landau (GL) theory and hence we start with a discussion of the
appropriate GL functional. We consider only proper ferroelectrics, where the local
polarisation P(x) can be taken as the order parameter. We also assume that both
ferroelectrics undergo a first-order phase transition and have cubic symmetry in the
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disordered phase. The interfaces correspond to (100) planes. Examples of such ferro-
electrics are BaTiO; and PbTiO;, whose material parameters will be used later in the
numerical calculations (cf appendix 1). However, we would like to emphasise that our
theory is material-independent and can be applied to other ferroelectric materials as
well. Of course, if the constituents have a different symmetry, the GL functional should
be modified accordingly.

In the absence of any external electric field the GL functional may be expressed in
terms of the local polarisation P and the strain ¢, [6]:

4 6
G(T,X,-;P,e,-)=2G,-—f(%Em°P+2Xiei>d3x. (2.1)
i=1 i=1
Here we have used the Voigt notation for the components of the strain and stress tensor,
le.ey=e,,...,es=¢e,t+e,, ..., X;=X,,...and X, = X,,, . ... Inequation (2.1)
E™ denotes the depolarisation field. The field obeys the quasi-static Maxwell equations
VXE™=0 (2.2a)
V(E™ + 4nP,,,) =0 (2.2b)
where
€. —1
Py =P+ E™

and €.(x) is the dielectric permeability.
The potential terms G, . . ., G4 are defined as follows. The first term

G, =f<%aP2 +1by 2 P} + 3bp(P2PE + P2PE + P1PY) + by, 3 P
+ b1y P2PIP2 + §b, [ PA(PY + P) + P2(P! + PY)

+ PU(Py + P)] + iy 2 (VP)? + 4c,(VP)?
= cs[6.P)@, Py) + (0:P)E, P+ (0 PIEPI] 4 (230

contains the polarisation terms commonly used in the GL expansion. We keep all
terms necessary to describe the first-order phase transition in ferroelectrics with cubic
symmetry. The second

G, = f [feii(el + €3 + €3) + dcus(ed + e + €) + cpp(ere; + €163 + eze5)] d3x
(2.3b)
describes the elastic energy of the body. The third

G;= J‘{—QIl(elPi + e, P2 + e PY)

= gulei(P3 + P3) + e,(P2 + P?) +e3(P} + P)]
— qu(e,P P, + e3P, P, + ¢, P,P,)}d’x (2.3¢)
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includes the electrostrictive terms describing coupling between polarisation and strain
tensor. Finally,

G4 = J'{fll(elaxpx + eZayPy + eSasz) +fl2[e1(aypy + asz)

+ez(axPx + asz) +e3(6yPy + BXPX)]
+f44[62(aypz + azPy) + e3(axpz + asz)
+e,(8,P, +9,P))]}d*x (2.3d)

are the flexoelectric potential contributions, which we also consider for the sake of
completeness. These terms, which are proportional to fi;, f; and fy, and which couple
the derivatives of the polarisation to the strain tensor, are of no importance in the
description of static properties of bulk ferroelectrics and are usually omitted. On the
other hand, in the heterostructures, where the static polarisation is inhomogeneous, it
is known that these terms lead to new effects, such as the appearance of a quadrupole
moment under shear stress [7].

Near to the interfaces, the properties of the two materials can differ from those in
the bulk. Two important reasons for this can be mismatch of the lattice constants and
charge transfer. In order to describe these effects, one can introduce the surface GL
functional G, which in its simplest form reads

Gs=3Gs = f (D, — |x — nD|)IP2 + (P2 + PY)] d’x. 2.4)

We assume that there are no symmetry-breaking fields at the interfaces and hence do
not include terms such as E*P,. If the ferroelectrics contain free carriers, a depletion
zone and an additional field E4., will appear near to the interfaces [8]. However, for low
carrier concentrations this field is small compared with the characteristic intrinsic field
E par, With Ep,. ~ aP since the static susceptibility equals a™!, and can be neglected.

We want to emphasise that all coefficients in the GL functional are defined through
the whole sample and are continuous functions of x. Far from the interfaces these
parameters reach their bulk values a,, . . . with & = 1, 2. We denote the region where
the GL coefficients deviate from their bulk values by A. If this transition region A is small
compared with the correlation length &, cf equation (3.8b), of the order parameter, one
can approximate these coefficients by the discontinuous ‘step form’ [4]

a(x) = 2 2 aae{%Daf - |x - [}’l + %(a/ - 1)]D|} (25)
n=-xa=1,2 .
and similarly for all other GL coefficients. Although this approximation is not essential
for our theory, it simplifies the analytical and numerical calculations and will be used
below.
As usual in the GL theory we attribute the temperature dependence to a,(T) in the
form

a,(Ty=a,(T-T,) a=1,2. (2.6a)

For a second-order transition T, is the transition temperature in the GL approximation,
and for a first-order transition it describes the supercooling temperature. The study of



Ferroelectric superlattices 5413

phase transitions in BaTiO; shows that the experimental data can be fitted well if one
assumes that the coefficient by, also depends linearly on the temperature, namely

by =bu(T- T) (2.6b)
with 7= 262 K [9]. The GL functional (2.1) can be used to describe static as well as

dynamic properties of such inhomogeneous ferroelectrics.

3. Transition temperature and polarisation

3.1. Effective Ginzburg—Landau potential

For given temperature T and stress X, the equilibrium values P, and e ; are obtained
by minimising the free energy (2.1) with respect to P and e;. The minimisation with

respect to e; requires
6G(T,Xi;P0, eivo)/ae,’=0. (31)

Equation (3.1) can be solved for ¢;, namely ¢; = ¢,(T, X;; P). Substituting this solution
into (2.1) we obtain the effective static GL functional [10]

s
GX(T,X,.;P)=§G§+Gs—f%Em-Pd3x. (3.2)
Here
G¥ = [(14P* +18, T Pt + 1B (PLP} + PP+ PEPD
+ 4By EP? + B3 PEPIP2 + 4B [ PL(P} + P})
+ P3(Pi+ Pi) + PX(P; + P)] +3C, 2 (VP))? +3C,(VP)?
= Gl PG, Py) + (3P0, P + (PGP d (330
describes the potential contribution from the polarisation;
G¥ = [ [ (X3 + X3+ X3) ~ bsua(X + X3 + X3)

—512(X1X2 +X1X3 +X3X2)]d3x (3.3b)
contains the stress terms;
G¥ = [(~Qu(X, P} + X, P} + X; PY)
—Qu[X1 (P2 + P2) + X,(P2 + P2) + X5(P3 + P2)]
“Q44(X4P>,PZ+X6PXPZ+X5Pny)}d3x (3.36')

describes the interaction between stress and polarisation; and
G¥= j{FH(XlaxPx + X,8,P, + X39,P,)

+ Fp[X,(8,P, +8,P,) + X,(8,P, +8,P,) + X5(8,P, + 8,P,)]
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+ FulXs(@,P, +9,P,) + Xc(3,P, +9,P,)

+X4(3,P, +9,P))]}d’x (3.3d)
couples the stress to the derivatives of the polarisation. ‘
The GL coefficients A, By, . . ., which appear in this effective functional, are given
in terms of the original coefficients a, by;, . . . in appendix 2.

3.2. Ginzburg—Landau equation

Itis well known [9] that the spontaneous polarisation in BaTiO; and PbTiO; is oriented
along either a (001), (011) or (111) axis depending upon the temperature range. We
will only consider temperatures above room temperature, where the easy axes of both
BaTiO; and PbTiO; are along the (001) direction. Hence we can assume that in the
multilayer the transition occurs into the (001) phase.

In the following we consider the composite material in the form of a slab with
dimensions L,, L, > L,. Keeping in mind that P, depends only on x, we can easily see
that the solution of the Maxwell equations (2.2) in this geometry is

§ = (—E—Po.x, 0,0) (3.4)

which obviously satisfies the electromagnetic boundary conditions. Therefore the term
—P, « EF in the GL functional is minimal (as well as the functional itself) for P, , = 0 and
we can take Py(x) to be oriented along the z axis, namely

Py(x) = Py(x)- (0,0, 1). 3.5)

Assuming X; = 0and substituting (3.5) into (3.2), we can now minimise the GI. functional
to obtain the GL equation in the form

6GX(X,- =0; Py)
P,

= <A +26(%D1 - lx_nD’)I"‘BllP(z)""BlnPg —GXCIGX)PO =0
(3.6)

where [ is the interface coefficient introduced in (2.4). The polarisation is continuous
across the interfaces and integrating (3.6) around x, = (3D, + nD) we get also the
boundary condition for the derivatives

Ci(x7)9,Polxy, ) — Ci(x;7)8, Po(xy) = —IPy(x,) (3.7)

where x; (x) denote the points just right (left) of the interface located at x,,.

The solution of (3.6) is periodic in D and symmetric around x = Oand x = $D. These
conditions define the solution uniquely, which can then be used to calculate the GL
functional GX(T) = G*(T; Py(x)). Choosing the surface constant / = 0 and using the
GL parameters representing bulk BaTiO; and PbTiOj; (cf appendix 1), we solved the GL
equation numerically and calculated the corresponding GL functional for D, = D, =
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Figure 2. Free energy GX(T) of the stable (full Figure 3. Transition temperature as a function of
curves) and unstable (broken curves) phases of layer thicknesses.

the homogeneous system ‘2’ and of the multilayer
with parameters given in the appendix and D; =

D,=40A.
R ix) n k) |
PBJ{T"Z] l <::,2'T) -
4 E ____iom
—_— 0.89
\1‘7
S 5
\
0.4 l/§2
0 é -—iE,) Figure 4. Polarisation profile of a BaTiO;/PbTiO;
° R : ¢ i S S multilayer for different temperatures and D,/
0,428, ‘Dl'Dzmziz) gZ(T&LZ) =4 and DZ/EZ(TC,Z) = 58.

40 A. In figure 2 we plot GX(T) for a heterostructure as well as G (T) for bulk PbTiO,
as functions of temperature. One sees that the behaviour of both functionals is very
similar, but the phase transition in the heterostructure (defined by G*(T,) = 0) occurs
at a lower temperature. In figure 3 we show this transition temperature as a function of
the layers’ thicknesses. For ‘thick’ high-temperature layers, D, > §5(T,,), the transition
temperature T, deviates only slightly from T, ,, where §,(T ;) is the correlation length,
equation (3.8b), of the bulk material 2 at its transition temperature T , given by

T., =T, +3B%,/16A; By . (3.8a)

However, for ‘thin’ layers, D, ~ &,(7. ,), the difference can be significant, depending
on the thickness of the low-temperature layers.

3.3. Polarisation profile

The general solution of the GL equation (3.6) can be expressed by a combination of
elliptic functions [11], which is shown graphically in figure 4. In the case of ‘thick’ layers,
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D,> §,, one can express Py(x) as well as the transition temperature by elementary
functions. Here the correlation lengths are defined as

£27 = —[dVi(Pya)/d* Py 4]/Cia (3.8b)
where Py, , are the bulk polarisations in every constituent material at given temperature
and the ‘potentials’ V,(P) are
Va(PO) = _(%Aapa + %Bll.aP?) + %Blll,apg)’ (39)
Let us assume that the parameter /, which describes the surface energy, equation
(2.4), satisfies the inequality

1> [Ay(T,,)C ]2 = [A(T.2)C 1]V (3.10a)

Below we will see that this condition ensures the suppression of polarisation at the
interfaces. For ‘thick’ layers the polarisations in the centre of the layers assume almost
their bulk values Py ,. In the temperature region T < T < T, where

B %1.1
4A1B1i1.
is the superheating temperature of the low-temperature ferroelectric [6], we can take
Py =0and P, ; # 0. Then the solution of the GL equation (3.6) can be written as

Po(x) = ©(D; ~ )P,[AD; — x + ¢,)/E)] + OGD; ~ |x = 1D))

Theat = T, + (3.10b)

X Py[(x — 3D, + ¢2)/&,] 0<x<3iD (3.11a)
where
Pi(u) ={2A,/[B,,, sinh? u + (44 B, ;/3)"/? sinh(2u)]}'2 u>0 (3.11b)
P,(u) = Py, sinh(u/2)/{sinh?(u/2) + [(§r — 1)/(r — 1)]}'72 (3.11¢)
r=P3,(T)/Pyo(T.2) (3.11d)
and
Py, ={[=Bu, + (B}2 — 44, B1112)"?]/2B 11 2} (3.11e)

The constants ¢, are determined by the boundary condition (3.7). For temperatures
not far below T, (T, € T < T,) we easily obtain from (3.7) the value of the polarisation
at the interfaces

Py(D/2)? = PL (T )AS(T., — T)/AL(T.)(— 1) (3.12)
with

. AT )Cy, 1 2

= A2(Tc,2)c1,2<1 (AI(TC.Z)C1’1)1/2> (3.13)

This result is the generalisation of the known result for a semi-infinite ferroelectric to
whichitreducesinthelimit C; ; — 0[12]. Inthe temperature region considered, equation
(3.11¢) can be simplified further and written as

Py 2(T.,) sinh(u/2)
[sinh?(u/2) + (Tc2 = T2)/(Te2 = T)]V
It is useful to define a characteristic length

KT)=& In[(Tcs = T))(Te2 — T (3.14b)
We see that the polarisation almost vanishes for 0 < x <[ + 1D, but it assumes the bulk

Py(u) = (3.14a)
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value for [ + $D, < x < 3D, as exhibited clearly in figure 4. This coexistence of the two
phases with zero and non-zero polarisation was discussed in the literature [11] for semi-
infinite media and is a consequence of the first-order phase transition in these materials.
In semi-infinite media / — <« as the temperature approaches the bulk transition point. In
contrast, in the heterostructures this length always remains finite and depends on the
thickness of the high-temperature layer. The point is that the above-mentioned ‘kink’
solution is stable only for temperatures below T, the value of which depends on the
layer thickness and is lower than T ,.

3.4. Transition temperature

Now we investigate in detail the dependence of the transition temperature on the layer
thickness. To this end one substitutes (3.11) into (3.2) and calculates 7, from the
condition GX(T,) = 0. After some algebra one gets

(Ter = T)/(Tep — T2) = 255(T..5)/ D, (3.15)
It follows from equations (3.14b) and (3.15) that
(T:)/D;y ~ (§2(Tc2)/D:) In(D5/Ex(T.)). (3.16)

Although I(T,) is large compared with the correlation length §,(7,,), it is small in
comparison with the layer thickness and thus the layer 2 is largely polarised.

It is also of interest to consider the shift of the supercooling temperature 7 of the
heterostructure. Below this temperature the disordered phase Py = 0 is absolutely
unstable. In this sense the supercooling temperature is similar to the transition tem-
perature of a second-order phase transition and hence can be found by a linear stability
analysis around P = 0 [4]. Using the boundary condition (2.17b) and assuming for
simplicity / =0, we obtain from the stability analysis the implicit equation for 7

Cia D, 3 12 D,
EO,I (Tcool) tanh<2§0‘1(T°°°l)> - zgo.z(Tcoo}) tan(&()J(]*cool))‘ (317)

Here & , = (C; o/|A4|)"/? are the correlation lengths in the disordered phase.
For ‘thick’ layers it follows from equation (3.17) that

(T, = TN/T, = (750,(0)/D;). (3.18)

The shift of the supercooling temperature is smaller than the shift of the transition
temperature by a factor of order &,/D,.

4. Dynamics

4.1. Equation of motion

In this section we consider the dynamics of the order parameter P. We refrain from a
discussion of the acoustic excitations in superlattices, which have already been studied
extensively [13]. The dynamic phenomena in ferroelectrics in general are described by a
coupled system of equations of motion for the polarisation P(x, ¢), the strain components
e;(x, t) and the entropy density s(x, t). Howeverin the low-energy, long-wavelength limit
this system of equations can be reduced to a single equation for P(x, t). The reason for
this is as follows.
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The characteristic timescale of the soft mode «;! is much shorter than the charac-
teristic time for acoustic wave propagation w;!(~k ') and the heat propagation time
wy ' (~k~?). For small wavenumber k these characteristic times obey the inequality

w;' <w;' <w;l. 4.1)

Therefore, in this limit one can assume that the soft mode propagates adiabatically at
fixed strain, i.e. at the equilibrium value ¢, q of strain.

Hence the phenomenological equation that describes the soft-mode propagation
reads {10]

m(8? + yo,)P; = —8H/SP,. (4.2)
Here the adiabatic potential H = H(s, X;; P, e; ) is related to the previously defined
potential G(T, X;; P, ;) via the Legendre transform

H(s, X,: P, e, 0) = G(T, Xy P, e,g) + f S0 T(x) dx 4.3)

where
s(x) = —6G/6T(x) (4.4)

isthe entropy density. Inequation (4.2) m(x) is a phenomenological mass parameter with
dimension [s?], while y(x) is a material-dependent damping constant. The depolarisation
field E™, which appears in the functional G and in H, correspondingly obeys the quasi-
static Maxwell equations (2.2). Equations (4.2) and (2.2) constitute the basic equations
of motion for the long-wavelength dynamics of ferroelectric multilayers.

4.2. Harmonic approximation

In order to solve (4.2) in harmonic approximation we linearise around the equilibrium
value P,

P(x,1) = Py(x) + 6P(x, t). (4.5)
Then the equation of motion for 6P(x, ) reads
m(32 + v3,)0P = —LOP + OE™ (4.6)
where the depolarisation field SE™ obeys
VX SE™=0 (4.7a)
V(e . 0E™ + 476P) =0 (4.7b)
and the linear differential operator L is given by
1/x%0=Ve V=08,020, d,(—cy+c3)d, d,(—cr+c3)d,
L={6,(-c,+c3)d, 1/5%¢0=Ve,V=3,0,9, 8,(—cy+c3)d,
8,(~cy+c3)0, 9, (—cy+c3)a, 1/xf%0=Vc,V=0,c,3,
(4.8)

Here and in the following we assume for simplicity that the surface terms vanish, i.e.
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I=17J =0, equation (2.4). In equation (4.8) y3%¢o(x) and yf*¢o(x) represent the space-
dependent transverse and longitudinal local susceptibilities at fixed value of the strain
e, 1.€.

1/xiheo=A+ (B, +qi/cu)P§+ B P} (4.94)

1/xt%¢ = A + 3B, P} + 5B, P}. (4.9b)
Here we introduced
By =By + (b — b1y) + 4[~4g1q11; + 2ghen + ghi(cn + )]

X [B(en = cn)(en +2¢p)] ™! (4.9¢)
and

By = By + (b3f - buy). (4.94)

The adiabatic GL coefficients 53¢ and b3J, appear in (4.9) due to the transformation from
the isothermal potential G to the adiabatic potential H, and their explicit form can be
found in appendix 3.

Because of the translational symmetry parallel to the layers we may write P as

OP(x, 1) = expli(k| - x — wt)]p(x) (4.10q)
and
SE™(x, 1) = ~Vo™(x, 1) with @™ (x, 1) = @(x) expli(k) - x — wb)] (4.10b)

where k= (0, k,, k,). Because of the Maxwell equation (4.7a) E™ could be expressed
as the gradient of a scalar potential @™ in (4.10b). Since the heterostructure is periodic
in the x direction, p(x) and g (x) satisfy the Bloch condition

p(x + D) = exp(ik, D)p(x) and @(x + D) = exp(ik_D)p(x) (4.11)

where k| is the Bloch wavenumber.
To conclude this section we want to discuss briefly two more points:

(i) We have used the quasi-static Maxwell equations to describe the long-range
dipolar interaction. In principle, one would have to evaluate the depolarisation field
OE™ from the complete set of Maxwell equations. However, the use of the quasi-static
equations—and hence the decoupling of the optical modes from photon dynamics—is
justified, whenever the photon frequency w,, = ck/n (with the index of refraction n) is
large compared with the soft-mode frequency wq

wy < ck/n. (4.12)

This approximation, of course, is not valid for k— 0 and this explains the seemingly
unphysical result that the soft-mode frequencies have no unique limit for k— 0 (cf
section 4.4).

(ii) Finally we turn to the influence of free carriers on the optical spectrum. The
longitudinal optical (LO) modes give rise to the macroscopic electric field SE™ and, as a
result, their frequencies are higher than the frequencies of the transverse optical (T0)
modes for k— 0. Free carriers in the ferroelectrics can screen this field, reducing the
gap between the LO and TO modes [14]. In the following we assume that the multilayer
constituents are pure insulators and neglect the influence of free carriers.
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4.3. Propagation of transverse optical modes

First we want to study the spectrum of those solutions of equation (4.6) which are
purely transverse, V - P = 0, and hence produce no macroscopic depolarisation field. If
V - 8P # 0, the long-range dipolar interaction becomes important and its influence on
the spectrum will be discussed in the next section. We also assume y = 0, postponing
the discussion of damping to section 5. For arbitrary direction of the in-plane wavevector
kj equation (4.6) consists of four coupled equations for the three components of the
polarisation p,(x),i = x, y, z, and the potential ¢ (x). In general, these modes are neither
purely transverse nor purely longitudinal. In order to discuss the physics of the transverse
modes, we put kj = (0, 0, 0) for simplicity. Then p, and p, are purely transverse and the
equation for p, reads

mw®p,(x) = (1/xf%°0 = 8,¢,0,)p. (x) (4.13)

while p,(x) obeys the same equation provided x{%< is replaced by 0.

Before solving this equation, we want to discuss the boundary conditions, which the
polarisation has to obey at the interfaces. The GL coefficients as well as the spontaneous
polarisation Py(x) entering into (4.13) are space-dependent quantities. If the GL coef-
ficients and their derivatives are continuous functions, then p,(x) and its derivative are
continuous throughout the whole sample and we do not have to face the question of
boundary conditions. However, we approximate the GL coefficients by step functions as
was explained in section 2. We now derive for this form of GL coefficients the boundary
conditions that connect p, and its derivative across the interfaces at x = D,/2|, =
Dy/2 + A and x = D,/2|_ = D,/2 — A. Because of the inequality A/E, <1 (cf section
2) we may assume that p, itself is continuous across the interfaces. The condition on
9,0, can be found by integrating (4.13) across the interface [ B%f% +...0dx

[—c19.p.18Y3: ~ O(p.aA). (4.14a)

For small transition regions A of the GL parameters the right-hand side of (4.14a) may
be neglected and one thus obtains the desired boundary conditions

[p.1813+ =0 and [—c19,.p.1BY3: = 0. (4.14b)

We note that the conditions (4.14b) also assure the continuity of the energy current
density jg ,,

jex = (dh/d(3.p.))d,6p, (4.15)

across the interfaces. Herein the potential density 4 is defined through H = [ A dx.

Equation (4.13) is similar to—but not identical with—a Schrodinger equation for
a particle with space-dependent mass. The temperature, which enters via the local
susceptibility xf<o(T, x), appears as a parameter in the ‘Hamiltonian’. Figure 5 shows
the soft-mode spectrum resulting from equation (4.14) as a function of temperature
and Bloch wavenumber k. The spectrum has gaps at wavenumbers k, = n/D, as is
expected for a periodic structure. It is also clear that the eigenfrequencies change
discontinuously at the transition temperature T, because the system undergoes a phase
transition of first order. Further we note that the bands are flat for low energies and only
the high energy levels show strong dispersion.

In order to understand the bandwidths we first indicate how the dispersion relation
and its gaps are computed. Adopting the general treatment of [15] we determine even
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Figure 5. Soft-mode dispersion relation of the
D, component, equation (4.13), as a function of
wavevector k = (k,, 0, 0) and temperature. Par-
ameters as in figure 2.

and odd one-cell solutions g(w, x) and u(w, x) of (4.13). In terms of these the dispersion
relation follows from

cos(k, D) =1+ 2u(w, D/2)d, g(w, D/2)c,/W (4.16)
with the Wronskian W =¢, g(w, 0)d,u(w, 0).
Let us first consider the paraelectric temperature region 7 > T, where Py(x) = 0.

Then the potential term 1/x7*¢0(x) has a step form and the solutions of (4.13) are
elementary. Using the boundary conditions derived above one finds

.

D,
cos(p1x)~ for0=sx=< -
p1D;, D,
g(w, x) =4 cos 5 ) cos [pz X== ] (4.17)
Ci P . P1D1) . [ < Dl)] D, D
- -— for—=x=<—
~ ¢ 2P, s1n< 5 sin | p, { x 5 or > X 5
where "
Py = (:"“ (0 - w%o.a)) w=1,2 (4.18)
l.a

and the bulk soft-mode frequencies wyq , are defined by
010.0 = (1/maxf%°0) "2 (4.19)

The odd solutions are found by replacing cos(p,x), cos(p,D/2) andsin(p,D,/2)in (4.17)
by sin(px), sin(p,D,/2) and —cos(p,D,/2), respectively. These expressions are also
valid for purely imaginary p, with a corresponding change of cos(p,x) into cosh(p,x),
etc. The excitations can propagate in a particular layer « as long as p% > 0. Otherwise
they decay exponentially within the length 1/|p,| in this layer. Therefore, the form of
the mode depends crucially on the signsof p2,i.e. on the relation between the frequencies
w, wro,; and wrg . In figure 6 we have plotted the temperature dependence of the
bulk frequencies wrg (7). One sees that for the parameters chosen we have
wt0.2(T) < wro 1(T) in the paraelectric temperature region 7> T, = T.. Therefore
at temperatures 7 > T, and energies in the region wyp ; < @ < wyp , the modes are
localised in the layers 2 and decay exponentially into the layers 1. Consequently the
bands are flat and their width depends on the overlap of the wavefunctions and behaves
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Figure 6. Temperature dependence of the bulk Figure 7. The six lowest eigenfrequencies (full
soft-mode frequencies wrp (k=0), =1,2, curves) of the interface bound states of equation
equation (4.19). (4.13) for k. = k= 0 as a function of the scaled

temperature within the temperature intervals
(T.,—48K)=sT=T,, The broken curves
represent the two bulk soft-mode frequencies.
D\/E(T.) = Dy/Ex(T.5) — .

as exp(—|p|D,) in this frequency region. Only for high frequencies @ > wrg , does the
soft mode propagate through both layers giving rise to a finite bandwidth, as can be seen
from figure S.

Below the transition temperature T, the polarisation profile Py(x) has a complex
form and in general it is not possible to derive simple analytical expressions for the one-
cell solutions g and u. Then the dispersion relation has to be calculated numerically.
However, to get a qualitative understanding of the spectrum, let us approximate Py(x)
by the step function

Pox)= 2 P, 0[iD; ~[x = (n+1)D]] (4.20)
which means that the polarisation assumes its bulk value P, ,in the layers 2 and vanishes
in the layers 1. Then the functions g and u are given again by the expressions (4.16) and
(4.17). As can be seen from figure 6, wyo; < Wt ; holds in the temperature region
T <722 K < T, for the chosen parameters. Therefore the modes at these temperatures,
whose energies lie in the interval wro ; < w < w1g », are confined to the layers 1. We
see that, depending upon the temperature, the modes are confined either to the layers
1 or 2. Within the approximation (4.20) this change of mode type happens at the
temperature 7 = 722 K. In section 5, we will show how this temperature dependence of
the modes is reflected in the lineshape of the dynamic correlation function.

Actually the true polarisation profile (cf figure 3) gives rise to a space dependence of
the ‘potential energy’ 1/x*¢o(x) in equation (4.13) that deviates from the simple step
form at the interfaces. We now want to study how the inhomogeneity of the polarisation
at the interfaces derived in section 3.3 influences the spectrum and the form of the
modes. To this end the true polarisation profile has been inserted into (4.13), which has
been solved numerically for the case of infinitely thick layers D = D, = =, representing
the special case of two adjacent semi-infinite materials 1 and 2, and for temperatures in
the region T, <€ T < T,. The lowest modes are shown in figure 7. There exist modes with
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frequencies @ < min(wrg.;, W70 2) below the ‘continuum’. To understand the nature of
these modes, let us consider the potential term 1/x%¢0(x) in the ‘Schrédinger equation’
(4.13), which is plotted in figure 8 for several values of temperature. We see that
there are potential wells within the layers 2 located at the interfaces. The modes with
o < min(wro |, Wt 2) can be understood as interface modes; i.e. bound states of these
potential wells. Concerning the form of the potential wells, the following conclusions
can be drawn from the analytical form of Py(x), as discussed in section 3:

(1) The width of the well is proportional to the length, /, equation (3.14b), and hence
diverges logarithmically with T, , — T.

(ii) The bottom of the well is approximately given by 1/xf%¢o(D,/2|,) = A,(T.5).

(iii) The well is confined to the left at x = D,/2 by a barrier of height

1/xi%eo(D1/2[2) = 1/xf5(T = T, 5) = A(T.)
and to the right at x ~ D,/2 + [ by a barrier of height

1/xf4eo(D/2) = 1/xf$ (T = T. ).

In figure 7 we have plotted the lowest-lying eigenfrequencies w,, n=1,2, .. ., of
this potential instead of the temperature as a function of the temperature-dependent
length [(T). In the case of large well widths /(T) > &, the temperature dependence of
the eigenvalues w3 (7)) can be understood in analogy with the energy levels of a square-
well potential, for which one has

nm\? T.,-T
m) ~4A,(T.,) (nm)* In™2 <#> (4.21)
Itshould be noted, however, that I(T) always has a finite upper bound, given by its value
at the transition temperature /(T,), equation (3.16). Consequently the limiting case
I(T) > &, can only be realised for large layer thicknesses D,, i.e. In(D,/&,) > 1. Of
course the expression (4.21) is only valid for energies within the potential well, i.e.
o < min(wro,1, Wr0.2)-
Concerning these interface modes we further note the following:

mz[wﬁ(T) - w(z)(T)] ~Ci2 (

(i) The number N of bound states increases with decreasing temperature difference
T. — T, as follow directly from equations (4.21).

(ii) In the limit D, > &, the frequencies of these interface modes are independent of
the layer thicknesses D,. Furthermore, they are twofold degenerate, because each unit
cell contains two interfaces.
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4.4. Influence of the dipolar interaction on the spectrum

In this section we study the influence of the long-range dipolar interaction on the phonon
spectrum. Contact will also be made to previous theories [16-19], which take into
account only the dipolar interaction and neglect the short-range elastic forces. We
restrict ourselves to temperatures in the paraelectric phase T > T, and choose kj =
(0, k,, 0). From equation (4.6) we then deduce three coupled equations for the com-
ponents p,, p, and ¢, which read

ot (7)< G ) v

(1/}("_‘Ld~e0 + e kf — 9,(c; +¢;)d, k9, (=c, + ¢3) )
+
ikj(—cy +¢c3)a, 1/x%% %0 + (¢, + cz)kﬁ — 9,c40,
L(x
X (P ( )> (4.22a)
py(x)
and
(05820, — kfe)p(x) = 47[d,.p,(x) + ikyp,(x)]. (4.22b)

The solutions of (4.22) in general give rise to a macroscopic depolarisation field SE™ =
(—d,, —ik“, 0)p.

As in the preceding section we obtain from these equations effective boundary
conditions for p,, p,, @ and their derivatives at the interfaces, which now read

[_(Cl + C2)axpx + i(CS - CZ)k\lpy]B%%Nt =0 (4230)
[—c19,p,]1B13: =0 (4.23b)
[£20,¢ + 479 ,.p,1B13+ =0 and [¢]B3+=0. (4.23c)

Equation (4.23c) just expresses the continuity of the normal component of the dis-
placement field 8D = £,0E™ + 476P and the continuity of the tangential component of
SOE™.

The numerically calculated spectrum of equation (4.22) in the limit of very small
wavenumbers k , D/n <1 and k;D/x <1 is represented in figure 9 by the full curves.
The parallel wavevector is fixed k) = 0.01:7/D. From figure 9(a) the limits k | /ky— 0 and
ki/k — 0 can be read off from the branches to the left and to the right of ky. Modes the
frequency of which are analytically in k are completely flat. We see that for some
branches of the soft-mode frequencies the limiting value k — 0is not unique but depends
upon the propagation direction k/|k], i.e. on the ratio between kj and k, . For smaller
values of the stiffness constants ¢;, this directional dependence in the limit k— 0 would
be even more pronounced, as is demonstrated in figure 9(b), where the replacement
co— ¢,/10 is made.

In order to understand this behaviour, let us consider the dipolar limit of the dis-
ordered phase, i.e. put ¢;(x) = cs(x) = c3(x) = 0. Then equation (4.6) defines a fre-
quency- and x-dependent dielectric tensor e£(x, w) = £(x, w) -1 and together with
Maxwell’s equation (4.7) one derives the relation
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Figure 9. (a) Soft-mode frequencies as a function of k, D/w for kD/x = 0.0land D, = D, =
20 A. The full curves are the solutions of equation (4.22); the chain curves are the solutions
for the pure dipolar case. (b) Soft-mode frequencies as in (a) but with reduced stiffness
coefficients ¢, ,— ¢, /10 and ¢, , — ¢, o/10.

[9.6(x, w)d, — kfe(x, w)]gx) =0 (4.24)

for the electrostatic potential. Within each layer the dielectric function assumes the
uniform values

2 _ 2
“’__“’Lgfz) w=12. (4.25)

2 _ 02
w W70,

a(@) = e

Equation (4.24) describes long-wavelength phonons in any dielectric heterostruc-
ture, such as for example in the semiconducting GaAs/AlAs superlattices [16]. The
solutions of (4.24) are known [16-19], e.g. one finds for the dispersion relation the
implicit expression

cos(k, D) — cosh(k| D) cosh(k;D,) 1 <£1(w) sz(w)>
sinh(k; D) sinh(k;D,) 2 \ey(w) * g(w)/’

Equation (4.26) gives rise to four frequency branches, which are exhibited in figure 9 by
the chain curves. The comparison of full and chain curves reveals that the directional
dispersion of the phonon frequencies is a dipolar effect.

In the limit of thick layers, kD, > 1, o = 1, 2, the solutions of (4.24) take the form
(17]

@(x) = exp(—ky|x — D,/2|) + exp(ik D) exp(—k|x + D,/2|) for |x| < D/2.
(4.27)

These are the so-called Fuchs—Kliever interface modes [20]. It is notable that these
Fuchs—Kliever modes result from the dipolar interaction, while the second type of
interface modes, discussed in section 4.3, had its origin in the special form of the
inhomogeneous polarisation in a system with a phase transition of first order.

To conclude the discussion of the phonon dynamics in the ferroelectric hetero-
structure, itis worth comparingit with the dipolar magnon dynamicsin the ferromagnetic
heterostructure [4]. The phonon problem may be mapped onto the magnon problem by
substituting Py—> M, SE™ — SH™ and € — u, where u is the Polder tensor. However,
there are characteristic differences resulting from the different nature of the polarisation

(4.26)
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and magnetisation vectors. The magnetisation M, is an axial, the polarisation P a polar
vector.

(i) As a result the phonon equation of motion (4.6) is invariant under the reflection
o, because of g.P, = P,. This is not true for the magnetic case, where o M= —M,.
Consequently, the electrostatic potential has definite parity for Bloch wavenumbers at
the zone boundary k, = nx/D[15], while the magnetostatic potential is asymmetric and
is localised around only one of the two interfaces in the unit cell.

(ii) The vectors (Py, k) transform under time reversal T into (P,, —k). Therefore
the same electrostatic potential ¢ (x) appears for kjas well as for —k;. On the other hand,
because of TM, = —M, this does not hold for a magnetic system. Here the form of the
modes depends upon sgn(k,). This different behaviour under time reversal is clearly
seen in inelastic light scattering on semi-infinite media. While in a scattering experiment
on a dielectric structure one sees the Stokes and anti-Stokes lines, one of these lines is
forbidden in the magnetic system.

5. Dynamic correlation functions

In this section we evaluate the dynamic correlation function Cy(x, x, w)

Cilx,x, w) = (6P;(x, w)OP;(x, —w)) (5.1)
where

OP;(x, w) = f OP;(x, ) exp(iws) d¢ (5.2)
which may be probed by inelastic light and neutron scattering experiments.

Owing to the translational invariance in the film planes the correlation function can
be written in the form

1 . ,
Cilx,x, w) = Wf Ci(x,x', q), w)explig) * (x; — x[)] dg (5.3)

withx = (x, x)) and ¢ = (g, ¢)). The classical fluctuation—dissipation theorem relates the
correlation functions Cy(x, x’, g, @) to the linear response functions G(x, x’, g, w)
through

kT
Cij(x’ x/’ q), w) = _Fa)_ [G,-,-(x,x’, q|> (U) - G/T (xl’ X, 4, w)] (54)

The latter describes the response of the polarisation 6P(x, g, w) to a weak external
electric field OE . (x, g, w)

<6Pi(x’ q, CU)) = f Gij(x9 xl’ q|, w)(SEj.ext(x,9 q, w) dx' (55)

and can be calculated from the equation of motion (4.6).

For simplicity we will consider in the following only the case g = 0 and will omit the
argument g in the ensuing expressions. Then the system (4.6) is invariant under the
reflection R = o, and the rotation R = C;, so that the response matrix is diagonal, G;; =
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0;,G;. Furthermore, from the symmetry of the equations of motion under time reversal
[21] it follows that

Gix,x", w) = Gu(x,x', ). (5.6)
With (5.6) we may rewrite the fluctuation—dissipation theorem (5.4) for the diagonal
component in the form
2kgT
0]

Cix,x',0) = I(Gy(x, x', w)) i=x,y,2 (5.7)

Let us consider the zz component of the response function. From (4.6) one deduces

[-m(w? +iyw) + §()]G.. (x, ¥, w) = 8(x — x') (5.84)
with the linear operator
8(x) = 1/xf"0 = 8,c,0,. (5.8b)

The solution of (5.8a) is well known [22] and may be expressed by the eigenfunctions
Pn(x, k, w) and eigenvalues ¢,(k_, w) of the eigenvalue problem

[-mer(ky., ©) —imyw + §(0)]p,(x, k., ) = 0. (5.9a)
Here the p,(x, k|, w) satisfy the Bloch condition
palx + D,k , w) = exp(ik D)p,(x, k., w). (5.9b)

Then the response function may be written as

. pn(x’, _k.uw)pn(x’kj_’a))
G s ’7 =1
s x0)= lim 3 G o

where k, assumes the discrete values k, = 2am/L, m € Z, and the scalar product is
defined as

(5.10)

1 L
palp) =7 | mGpax, =Ky, 0)p,x, Ky, @) d (5.11)
0

In scattering experiments one measures the Fourier transform of the correlation
functions '

Clds ) = [[ Catv, 0 empl=igux =) dxdy (.12

which we have evaluated numerically. Its energy and temperature dependence is repre-
sented in figure 10. Here we have approximated the space dependence of the damping
constant by a step function

y(x) = 2 gzya@{%ua—rx-[n+%<a—1)]m}. (5.13)

For the constants y, we have chosen the temperature-independent values

Y2 _
V2 w10, pp1i05( T, 2)

Y1

= 0.1
V2 wro,po1io Tc.2)

1 and

(5.14)

which accounts for the fact that the damping is stronger in BaTiO; than in PbTiO; [23].
In figure 10 the correlation function is plotted as a function of T and w with values of T
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and @ within a certain interval. One clearly recognises in the peaks of the correlation
function the band structure shown in figure 5, i.e. the peaks are situated at frequencies
w = e%(k,), where £%(k ) is the nth eigenvalue of equation (4.13), corresponding to a
solution with Bloch wavenumber k. A prominent feature is that the linewidth of the
lowest resonance at @ = £J(k ) is small for temperatures above T and broad below,
where T is marked in figure 10. We want to show that this can be attributed to the
temperature dependence of the shape of the modes, which was discussed in section 4.3.
Let us for simplicity assume small damping constants y < wrq. For y = 0 equation (5.9)
reduces to equation (4.13). It has the solutions p%(x, k) = p%* (x, —k_) with the real
eigenvalues £0(k ). For small v, equation (5.9) may be solved perturbatively and one
finds approximately

en(k.) = en(k)[en(ky) = i7,(k.)] (5.15a)

with the effective damping constant

(k) = [ vemIphe, k) dx/ [ mlphl ax. (5.150)
Expanding p%(x, k) in the form

phx k) =exp(ik,x) X pu(v, k) exp(27ixy/d) (5.16)
v=0,x1,...
we may rewrite the correlation function C,,, equation (5.12), for frequencies w close to
€% as

_ ‘Pn(Vo, kL)'Z‘yn(kL)
Carlg, @) = kT 2 oy o Gk )T T)

with &k, = g, mod(2z/D) and vy = D(q, — k,)/27. The effective damping constant
represents the halfwidth of the resonance at energy €%(k,). However, in section 4.3 it
was shown that at high temperatures the low-energy modes pY are localised in the layers
2. Hence in this temperature region 7,(k ) is small for our choice of the parameter y,
(weak damping in PbTiO;). At low temperatures the low-energy modes are localised
within layers 1 and y,(k,) becomes large due to the value of y, (strong damping in
BaTiO3). The change of the type of the mode p{(x, k) occurs at the temperature 7,
marked in figure 10.

(5.17)



Ferroelectric superlattices 5429

6. Summary

Sections 2 and 3 were devoted to the static properties of a ferroelectric heterostructure,
undergoing a phase transition of first order. We explicitly took into account surface
interactions and studied the influence of order-depressing surface parameters. From the
general GL potential for polarisation and strain tensor we passed over to an effective
potential for the polarisation, whose stationary states were determined. The GL equation
was solved numerically. In the limit of large layer thicknesses, analytical results were
presented for the following quantities:

(i) Polarisation profile. In the immediate vicinity below T, unpolarised domains
emerge from the weaker ferroelectric layers 1 into the stronger ferroelectric layers 2.
The size of these domains increases logarithmically with the temperature difference
T., — T. This effect is due to the phase coexistence of the ordered (P = P, ,) with the
disordered (P = 0) phase in the bulk material 2 at its phase transition temperature 7 =
Tc.2‘

(ii) Transition temperatures. The phase transition temperature 7, of the hetero-
structure behaves for large thicknesses D, asymptoticallyas T, , — T, ~ D3!. The super-
cooling temperature 7°° follows a T, — T ~ D;? law, where T} is the supercooling
temperature of the bulk material 2. By looking at various limiting cases contact could
be made with known results for films or semi-infinite media.

In section 4 we studied the dynamics of the soft mode, which is connected with the
ferroelectric phase transition. First we evaluated the soft-mode dispersion in the absence
of any long-range dipolar interaction. The lowest bands are almost dispersion-free and
the corresponding modes are standing waves. These waves are localised in the layer
constituents with the lower bulk soft-mode frequency. This mode confinement is also
known for dielectric heterostructures [24]. A novelty, however, is the temperature
dependence of the mode form and of the spectrum. Because the bulk soft-mode fre-
quencies of the two layer constituents soften at different temperatures, the localisation
of the modes in one or the other layer depends upon the temperature.

Furthermore, interface modes were found, which appear for temperatures close
below T in sufficiently ‘thick’ layers D,> &,. They are a consequence of the special
form of the inhomogeneous polarisation profile in a superlattice with a phase transition
of first order. The number of these bound states increases with decreasing temperature
difference T, , — T. These modes are twofold degenerate.

Finally we investigated the dispersion of the modes accompanied by a macroscopic
electric field. Some of these modes show a directional dispersion for k— 0, i.e. the soft-
mode frequency still depends on &/k in this limit. The comparison with the dipolar limit,
where simple analytic expressions are known, reveals the dipolar origin of the directional
dispersion. The differences between magnons in a ferromagnetic and phonons in the
ferroelectric superlattice were discussed. These result from the fact that the mag-
netisation is represented by an axial and the polarisation by a polar vector.

In section 5 we studied the polarisation correlation function, which may be probed
in light or neutron scattering experiments. The temperature dependence of the mode
form can be seen in the lineshape, if the damping constants of the two layer constituents
differ from each other, as is the case for BaTiO5 and PbTiO;. Then the linewidth of the
correlation function depends upon in which sublattice the modes are localised and hence
upon the temperature.
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Appendix 1. Parameters

In the numerical calculations we used the following set of parameters, representing
approximately bulk BaTiOj; (subscript 1) and PbTiO; (subscript 2) [25-28]:

=0.028/T,, A} =0.064/T,, T, =381K, T,=749K,C, , =0.32 A%, C; , = 0.89

A2, c21= 1.85 A, c22=512/&2 Cs; = 3.26 A?, c32-902A By, =232 X
107¥[T(K) — 436] cm3erg™!, By, , = —4.56 X 10~ B cm3erg™!, By, ; = 7.96 x 10" % cm?
erg™}, By, , =2.70 x 10712 cm? erg™!, Bi;;; =9 % 1073 cm® erg‘z, By, =2.85x 1072
cmSerg™?, By, = 1.23 x 1072 cmSerg™?, By, , = 1.65 x 1072 cmberg™2, ¢y 1 = 1.9 X
102ergem™3, ¢y, = 1.8 X 102 ergem ™3, ¢y = 9.7 X 10 ergem =3, ¢y, , = 7.5 X 101!
ergem >, g1, =1.3,¢11,=0.7,q21= 04,15, = =0.3, ¢y, (T;) = 24 X 10°erg
em K™, ey 02(TH) =6 x107ergem 3K g, | =76, €., =123, m; = 0.9 X 10728
s2and m, = 2.9 x 107252 .

Furthermore the flexoelectric coefficients as well as the surface coefficients were
assumed to vanish, i.e. F; , =I=J=0.

Appendix 2. Ginzburg-Landau coefficients of the effective potential

The GL coefficients A, By, s; and Q; of the effective potential G*, equation (3.2), are
connected with the orlgmal coefﬁcients a, by, ¢; and g; of the potential G, equation
(2.1), by well known relations [6]:

A=a A =g (A2.1a)
By = by By, = b By =biy (A2.1b)
Biy = by +2[—ghi(cn + ci2) + 4guq 10 — 2ghc1]/det (A2.1c)
By =byy +2[qlicn — 2quqnen + g (2c; — cyp))/det — gls/cu (A2.1d)
su = (1 + cpp)/det s = —cpp/det Saa = 1/cay (A2.1¢e)
On =[qulcu +cp) = 2g2¢12]/det (A2.1f)
On = (—qucn + gpcn)/det Qus = qus/Cus (A2.1g)
with

det = (cy; — cpp) (e + 2cn). (A2.2)
Owing to the flexoelectric coefficients we get further that
Cy=cy = fla/cus (A2.3q)
Cy =c; = [fhlen + cp) + 2fhhen — 4fufrcp)/det + fiu/cu (A2.3b)
Cy=c3— (fu — f1)*/(cuu — cp) (A2.3¢)
Fyy = [fulen + c) — 2fipcp]/det (A2.3d)

Fip = (fen — fucr)/det Fu = fu/cu. (A2.3¢)
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Appendix 3. Adiabatic Ginzburg-Landau coefficients

The transition from the isothermal potential G to the adiabatic potential H, equation

(4.3), leads to a transformation of the GL coefficients b; — bf}", . ... Assuming a linear
temperature dependence of the coefficients a and b;, we get [29]
b3 — by, = T(da/dT)?*/(3cy.) (A3.1a)
b3ty — by =2T(da/dT)(dby, /dT)/(Scy o). (A3.1b)
Here ¢y 4 is the specific heat in the unpolarised phase. All other GL coefficients remain
unchanged.

Note that we have omitted the thermal expansion term ~ —a(T — Ty) (e, + e, + €3)
in the expression for the elastic energy G,, equation (2.3b). The expansion coefficient
« also gives rise to corrections in the adiabatic coefficients. These corrections are small,
however, and may be neglected.
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